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Interfacial mixing and transport are nonequilibrium processes coupling kinetic to macroscopic scales. They
occur in fluids, plasmas, and materials over celestial events to atoms. Grasping their fundamentals can
advance a broad range of disciplines in science, mathematics, and engineering. This paper focuses on the
long-standing classic problem of stability of a phase boundary—a fluid interface that has a mass flow across
it. We briefly review the recent advances in theoretical and experimental studies, develop the general
theoretical framework directly linking the microscopic interfacial transport to the macroscopic flow fields,
discover mechanisms of interface stabilization and destabilization that have not been discussed before for

both inertial and accelerated dynamics, and chart perspectives for future research.
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Interfacial mixing and transport are nonequilibrium
processes coupling kinetic to macroscopic scales (1).
They commonly occur in fluids, plasmas, and materials
over celestial events to atoms (2, 3). Their understand-
ing has crucial importance for science, mathematics,
and engineering as well as for technology, energy,
and environment (1-4). In this paper, we focus on
the long-standing problem of stability of a phase
boundary (i.e., a fluid interface) (5, 6). By developing
the general theoretical framework, we systematically
study the interface stability and the flow fields’ struc-
ture; discover mechanisms of stabilization and desta-
bilization of the inertial and accelerated dynamics that
have not been discussed in the earlier studies (5, 6);
elaborate diagnostics that have not been identified
before and that directly link microscopic transport at
the interface to macroscopic fields in the bulk; and
chart perspectives for future research. For the readers’
convenience, technical details are given in SI Appen-
dix for the corresponding sections.

Hydrodynamic instabilites and interfacial mixing
control a broad range of processes in nature and tech-
nology at astrophysical and molecular scales under
conditions of high- and low-energy densities (1-3). Inertial
confinement fusion and light-material interaction,
supernovae and molecular clouds, stellar convection

and ionospheric plasma, reactive fluids and material
evaporation, fossil fuel production and nanoelectronics—
these are some examples of processes to which non-
equilibrium interfacial dynamics is directly relevant
(7-17). In realistic environments, the material transport
is often characterized by sharply and rapidly chang-
ing flow fields and by relatively small effects of
dissipation and diffusion. This leads to formation of
discontinuities (interfaces) separating the flow non-
uniformities (phases) at continuous (macroscopic) scales
(1-3, 18-20).

For a far-field observer, two types of hydrodynamic
discontinuities are usually considered—a front (with
zero mass transport across it) and an interface (through
which mass can be transported) (5). Their dynamics is
analyzed in a continuous approximation and at length
scales and timescales that are greater than characteris-
tic scales induced by diffusion, dissipation, surface ten-
sion, and other stabilizing effects (5, 6, 11-15). The fluid
phases are broadly defined: These can be distinct ma-
terials or a material with distinct thermodynamic prop-
erties. The material(s) may also experience a phase
transition, a change in chemical composition, be out
of thermodynamic equilibrium, and/or have a nondiffu-
sive interfacial mass transport (1-21). To describe the
multiphase flow, a boundary value problem is solved for
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balancing at a freely evolving discontinuity the fluxes of mass and
normal component of momentum in case of fronts and the fluxes of
mass, momentum, and energy in case of interfaces (5). While solv-
ing the boundary value problem can be a challenge, this level of
abstraction has a number of advantages. On the side of fundamen-
tals, the problem is treated rigorously, powerful theoretical meth-
ods [e.g., group theory (2)] are applied, and essentials of the
dynamics are explored. On the side of applications, this approach
provides reliable macroscopic benchmarks for diagnostics, is free
from adjustable parameters, and has high predictive capability in a
broad parameter regime (2, 3, 5, 20).

Dynamics of fronts separating fluids of different densities is
usually neutrally stable and can be destabilized by accelerations
and shocks, leading to the Rayleigh-Taylor (RT) and Richtmyer—
Meshkov (RM) instabilities, respectively, and the ensuing interfacial
mixing of the fluids (22-26). Rigorous theoretical approaches have
been developed to describe RT and RM flows with account for the
nonlocal anisotropic, heterogeneous, and statistically unsteady
character of their dynamics (2, 3, 27-31). These approaches have
captured the fundamental properties of the instabilities and mixing
(including the multiscale RT/RM dynamics and the order in RT mix-
ing) and have explained the observations (2, 3, 26, 30).

Dynamics of interfaces separating fluids of different densities and
having an interfacial mass flux is a long-standing problem with a
broad range of applications (5). It is studied in plasmas (stability of
ablation fronts in inertial confinement fusion), astrophysics (thermo-
nuclear flashes on the surface of compact stars), material science
(material melting and evaporation), gas dynamics (shocks and explo-
sions), combustion (stability of flames), and industry (scramjets) (6—16,
32-40). The classic theoretical framework for the problem was de-
veloped by Landau (40). It analyzes the dynamics of a discontinuous
interface separating ideal incompressible fluids of different densi-
ties. By balancing at the interface the fluxes of mass and momen-
tum and by implementing a special condition for the perturbed
mass flux, this analysis finds the interface to be unconditionally un-
stable, leading to the Landau-Darrieus instability (LDI) (5, 6, 40).

To connect the classic framework (5, 40) to realistic environ-
ments, several approaches have been developed. In high-energy
density plasmas, significant departures have been detected be-
tween the ablative RT and accelerated Landau-Darrieus (LD) in-
stabilities as well as between the ablative RM and LD instabilities
(32-35, 41-43). It has been recently shown that the interface sta-
bility is sensitive to the flux of energy fluctuations produced by the
perturbed interface (20). In reactive and supercritical fluids, the
stabilizing influences have been found of dissipation, diffusion,
surface tension, and finite interface thickness on the dynamics at
small scales (6, 11, 37-39). Significant progress has been achieved
in the understanding of nonlinear stages of the LDI and in mod-
eling of turbulent combustion (11, 44, 45). These theories and
models have successfully expanded the classic framework (5, 40)
to explain the observations (6, 11, 32-39, 41-46). However, some
fundamental challenges remain.

First, the classic framework (5, 40) describes the evolution of a
phase boundary and is relevant to a range of phenomena far be-
yond processes with gradually changing flow fields (1-16, 32-45).
We still need to understand whether the interface is stable when
the flow quantities experience sharp changes, the effect of dissipa-
tion and diffusion is negligible, and the interfacial transport is non-
diffusive. Second, the flow evolution is usually observed from a far
field and at timescales and length scales that are substantially
greater that those induced by interfacial processes at small scales
(6-20). We still need to quantify what the flow sensitivity is to the
boundary conditions at the interface. Third, direct diagnostics of
various physical effects on dynamics of a multiphase flow require
detailed information of the interface structure. Such information is
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often a challenge to obtain directly in experiments and simulations
(6-18, 32-46). We need to better comprehend what the qualitative
and quantitative influence is of the interfacial transport at micro-
scopic scales on volumetric flow fields at macroscopic scales and
elaborate reliable benchmarks. This knowledge is necessary to
identify the mechanisms of stabilization and destabilization of inter-
facial dynamics; to improve the diagnostics of complex processes in
plasmas, fluids, and materials; and to better understand a broad
range of phenomena in nature and technology (1-16).

In this paper, we consider from a far field the inertial and
accelerated dynamics of a hydrodynamic discontinuity that sepa-
rates ideal incompressible fluids of different densities and is
accompanied by the interfacial mass flux. By generalizing the
classic framework (5, 40), we link directly the interface stability
to the flow fields' structure. Mechanisms are identified of the in-
terface stabilization and destabilization that have not been dis-
cussed before. We find that the inertial dynamics is stable when it
conserves the fluxes of mass, momentum, and energy; the stabi-
lization is due to the inertial effect, leading to small oscillations of
the velocity of the interface as a whole. An energy imbalance can
destabilize the dynamics (20), which is fully consistent with the
classic results (5, 40). In reactive fluids, the energy imbalance can
be due to chemical reactions (4, 46). For accelerated dynamics, the
interface stability is determined by the interplay of the effects of in-
ertia and buoyancy. A hydrodynamic instability is found that has not
been identified in earlier studies (5, 6, 11, 32-46) and that develops
when the gravity value exceeds a threshold. This unstable dynamics
conserves the fluxes of mass, momentum, and energy; has potential
velocity fields in the bulk; and is shear-free at the interface. The
qualitative, quantitative, and formal properties of this instability differ
dramatically from those of the accelerated LDI and the Rayleigh—
Taylor instability (RTI) (5, 22, 23, 40).

Theoretical Approaches

Governing Equations. Dynamics of ideal fluids is governed by
the conservation of mass, momentum, and energy. In an inertial
reference frame,

dp/at+dpvi/ox; =0, dpv;/at +Z; dpv;v; /9x; + 9P /dx; =0,
OE /ot + 0(E + P)v;/ox; =0,

[1a]

where x; are the spatial coordinates with (x1, x2, x3) = (X, y, z); t
istime; (p, v, P, E) are the fields of density p, velocity v, pressure
P, and energy E=p(e+v?/2); and e is the specific internal
energy (5).

We introduce a continuous local scalar function 6(x,y, z, t),
with derivatives @ and V@ that exist (the dot denotes partial time
derivative) such that the heavy (light) fluid marked with subscript
h(l) is located in the region 8> 0 (9 < 0), and the interface isat =0
(2,5, 20, 30, 31). We represent the flow fields in the entire domain
as (p,v,P,E)=(p,v,P,E),HO)+(p,v,P,E)H(-0), where H(0)
is the Heaviside step function. In the bulk of the heavy (light)
fluid, (p,v,P,E) = (p,v, P, E), in the governing equations. At
the interface, the balances of fluxes of mass and of normal and
tangential components of momentum and energy lead to the
boundary conditions (5)

o0, [(pe ) /o] o [-)(G)/0) o
(60) (47 f27) o

Here, [...] =0 denotes the jump of functions at the interface. n
and 7 are the normal and tangential unit vectors, respectively, at
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the interface with n=V6/|V6|, (n-1)=0; j=p(nd/|VO|+V) is
the mass flux across the moving interface; and W=e+P/p
is the specific enthalpy. We use physics definitions of W, e (5,
20). For a spatially extended 2D flow propagating in the z di-
rection, periodic in the x direction, x + 4 — x, and motionless in
the y direction, the conditions at outside boundaries of the
domain are

Vh|z_)_°<7 =Vh = (0,0, Vh), =V/ = (0,0, V/) [1 C]

v/‘z—>+oc

with constant Vj(). The initial conditions (the initial values of
the flow fields) define the characteristic scales of length 1/k
and time 1/kV,, of the dynamics (5, 6).

Inertial reference frame can be referred to the reference frame
moving with a constant velocity Vo = (0,0, Vo) of a planar interface
separating the fluids (5, 11). If, in the laboratory reference frame, the
heavy fluid is at rest, then the velocity of planar steady interface is
Vo=-V,, with Vo= (0,0, =V4). Velocity V of unsteady nonplanar

interface obeys relation V-n=—v-n|,_o. =—(j/p)-n oo (11, 38).

Linearized Dynamics. We define 6= —z + z*(x, t), slightly perturb
the interface |€/|V9|| <<|V|, |0z"/ox| < 1leading to n=ng+ny,
T=10+ 71 With |n1| << |ng|, |T1|— < |70/, and slightly perturb the
flow fields v=V+u, ]=J+j, P=Py+p, W= Wo+w with |u]
<<IVI, il < I, [p| <<[Po], [w| < [Wol.

To the leading order, 8=-z, n=ng, T=1t9 with ng=
(0,0,-1), t0=(1,0,0). In the bulk, the flow fields are uniform:
(p,v,PQ,WQ)Z(p,V,Po,Wo)hH(9)+(p,V,Po,Wo)/H(—H). With mass
flux J=pV and J,=J-ng, boundary conditions at the interface are

=0, [(Po+2/p)no] =0,
[In(Wo +J%/2p?)ng] =0.

[Un((J-70)/p)T0] =0, (22l

For incompressible dynamics, [J,] =0, [Py no] =0, [J»((J-70)/
p)t0] =0, [JsWo] =0 (5, 6, 40).
To the first order, boundary conditions at the interface are

[in] =0, Kp"'anjn/P)“o} =0,
[n(w+(J-j)7/p?)] =0,

[Un(d-T1+]j-0)/p] =0,
[2b]

with j=p(u+ngd), j.=j-ng, n1=(dz*/dx,0,0), ©1=(0,0,dz" /dx).
For incompressible perturbed dynamics, the enthalpy perturba-
tions are Wh(/)=ph(/)/ph(/) (5, 20, 40). The governing equations in
the bulk and at the outside boundaries are

Voupy =0, dagy + (Vio) - V) Ungy + Vpray /pny =0,

2
Ul =0, W,y =0. (2l

z—+00 T

In the laboratory reference frame, the interface velocity Vis
V=Vgy+v, ’\7’ < |V0 g Wiiih V.ng= —(Vo +(U +éno)) . r\o‘oioJr
To the leading order, V = Vy; the first order perturbation obeys
relation v-no=—(u-ng+0)|,_o. (5, 6, 11, 37-40).

Solution Structure. We seek solution such that the velocity of the
heavy fluid is potential in accordance with the Kelvin theorem and
the velocity of the light fluid can be a superposition of the po-
tential and vortical components (5, 6):

Abarzhi et al.

u,=Vd,, u=Veo,+VxY¥, z'=Ze ikx+Qt‘ [3]
Here, ~<Dh — q)eikx+kz+£2t, P = d)eikx—kz+£2tl ‘P/ — (0, lI"/, O), lIJI —
Pelx-kz+0t and the growth rate (eigenvalue) is Q. This yields
the vortical field length scale 1 = 2z/k, k = Q/V,and the pres-
sure perturbations py). In the presence of gravity g directed
from the heavy to the light fluid and with negligible stratifica-
tion, iy = —pna) (Pn(ry + Vi)0®Pn()/9z — gz). We use dimen-
sionless values for the growth rate (eigenvalue) o = Q/kV},
the density ratio R=py,/p; with R > 1, and the gravity value
G = g/kV? with G > 0. This leads to V|/V}, = Rand k/k =w/R
(5, 11, 20, 38-40). Scale for pressure perturbations is phV,f.

Fundamental Solutions. The governing equations are reduced to
a linear system M r=0, where vector r= (P, @, th*,‘P,)T and M
is 4 x 4 matrix. Its elements are functions on w, R, G. We find ei-
genvalues w; by using condition det M(w;, R, G) =0 and identify
the associated eigenvectors e; by reducing matrix M=M(w;, R, G)
to row-echelon form. The solution r is a linear combination of
fundamental solutions ri=r;(wj, &;) as r=>_,Cir;, where C; are in-
tegration constants. In nondegenerate case i=1,2,3,4, there are
four fundamental solutions for four degrees of freedom (47).

Results—Inertial Dynamics
For inertial dynamics, gravity is zero, g=0, G=0.

Conservative Dynamics. Conservative dynamics balances the
fluxes of mass, momentum, and energy at the interface. For this
dynamics, the matrix Mis M= M. Its rank is four. Its determinant is
detM=i((R-1 )Z/R)(a) —R)(w+R)(w? +R), and the eigenvalues
wj and eigenvectors e; are

) T
w12y =%iVR, ez = (%, %,1,0);

a)4=—R,e4=(*, *1011)1—:

—Res=(0,%,0,1)";
w3 e3 ( ) [4]

where asterisks mark functions on R (Fig. 1A). There are four
fundamental solutions. The solutions ry(z)(w1(2), €1(2)) are sta-
ble, and their eigenvalues are imaginary: w;=w}, e;=ej.
The solution r3(w3, e3) is unstable, Re[ws] > 0, and the solution
ri(wa, e4) is stable, Re[ws] < 0.

Fundamental solutions ry(;) for conservative dynamics de-
scribe the flow fields that stably oscillate near the interface and
decay away from the interface (20). These solutions are traveling
waves. Their interference produces stable standing waves, par-
ticularly the solution rep=(r1 +r2)/2. For solution rep(wep, ecp),
Fig. 2 illustrates the perturbed velocity vector fields uy), the
perturbed velocity streamlines sy defined as (dsy)/dt) x
upy =0, the contour plot of the perturbed pressure py), and the
interface perturbation z* in the (x, z) plane at some density ratio

A B

Fig. 1. Dependence of eigenvalues on density ratio. (A) Conservative
dynamics. (B) Classic Landau dynamics.
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and some instance of time. Fields of pressure py( are antiphase at
the interface, thus causing stable oscillations in the z direction; the
extrema of py) correspond to the extrema of z*; they are sym-
metric and span the same range of values R = (pmin, Pmax) With
‘p,}max(min)/|ph|max(min)=’I and |R)|=|Rp|. For solution r¢p [travel-
ing waves ry(y)], the vortical filed and vorticity are zero: ¥,=0,
VxW¥ =0,V xu=0(20).

Fundamental solution r3(ws, e3), while formally unstable, has
zero fields of the perturbed velocity, pressure, and the interface
perturbations in the entire domain at any time for any integration
constant Cz: up =0, ppp=0, z*=0. Fundamental solution
rs(w4, e4) must have the integration constant C; =0to obey at any
time the condition u|,_ ., =0. This is because its vortical com-
ponent, V x ¥, increases away from the interface. For solutions
rya), the vortical field is ¥;#0, VX W¥;#0, while the vorticity is

Vxu; =0, with Vxu = (0, (k2 — k), 0) and (k/k)2 = (w/R)2=1.

Classic LD Dynamics. Classic Landau dynamics balances the
fluxes of mass and normal and tangential components of mo-
mentum and uses the continuity of normal component of the
perturbed velocity [u-ng] =0 at the interface (5, 40). This leads to

nl=0, [(p+2Jnjn/p) Mo] =0,
[u-ng]=0.

[Un(J-T1+j-0)/p] =0, [5a]

For classic Landau system, the matrix M is M=L. Its rank is
four. Its determinant is detL=i((R—1)/R)(0—R)((R+1)®? +
2Rw—(R—1)R); the eigenvalues w; and eigenvectors e; are

w1(2) = (—Ri \/ (R3 +R2 —R) )/(1 +R),e1<2) = (*, *, *, 1)T; [5b]

w3 = R, e3= (0, *,0,1)T,

where asterisks mark functions of R (Fig. 1B). There are three
fundamental solutions: i=1,2,3. Solution ri(w1,e1) is unsta-
ble, Re[w1]>0; solution ry(w,,ey) is stable; and solution

Icp (COCD +€cp )
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Fig. 2. Flow fields' structure for the inertial conservative dynamics.
Plots of real parts of the interface perturbation, the perturbed
velocity vector fields, and the perturbed velocity streamlines and the
contour plot of the perturbed pressure with red (blue) for positive
(negative) values.
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Fig. 3. Flow fields’ structure for the classic Landau dynamics. Plots of
real parts of the interface perturbation, the perturbed velocity vector
fields, and the perturbed velocity streamlines and the contour plot of
the perturbed pressure with red (blue) for positive (negative) values.

r;(ws3, e3) is unstable, Re[ws] >0, and is identical to that in
the conservative dynamics.

Fundamental solution rq(wq,e1) for classic Landau system,
hereafter rip(wip, €.p), corresponds to the LDI (5, 40). This solu-
tion is a physical solution satisfying the assigned boundary con-
ditions. For solution r;p, the vortical and potential components of
the velocities and the interface perturbation are strongly coupled
(40). The perturbed velocity fields uy() and the perturbed velocity
streamlines sy illustrate the formation of vortical structures near
the interface and in the bulk (Fig. 3). For solution rp, the vortical
component Vx ¥ and the vorticity Vxu,, while increasing in

time, as ~ e?0(K)t, decay away from the interface, as ~ e7** (5, 6,

40). The length scale of the vortical field is large, I~</I<=a)LD/
R=(—R+ V=R+RZ+R3)/R(1+R) with k/k~(R-1)/2-0 for
R—1* and I~</I<~ R-12 50 for R— o (20). The maximum value
k/k is achieved at R=2+ /5~ 4.24. The contribution of the vor-
tical field to the dynamics is significant for fluids with very different
densities, R = o0, and is small for fluids with similar densities, R — 1+.
Pressure fields py () are in phase and equal one another at the in-
terface; they are in antiphase with the interface perturbation. Pressure
fields pp) are symmetric and span the same range of values

R= (pmin: pmax) with |Pl|max(m,-n)/|Ph|max(m,-n) =1and |Rl‘ = |Rh|

For fundamental solution ry(wy, €7), the interface perturbation,
and the vortical and potential components of the velocity field are
also coupled. For this solution, we must set the integration con-
stant zero C; =0 to obey at any time the condition u|,_ . =0.
Fundamental solution r3(w3, e3) is identical to that in the conser-
vative dynamics and has zero fields for any Cs.

The classic Landau dynamics has a smaller number of funda-
mental solutions than the degrees of freedom. Eliminating this
degeneracy may lead to appearance of a (fourth) neutrally stable
solution with a seed vortical field triggering the LDI.

Comparative Study. Conservative dynamics rcp(wcp, ecp) and
LD dynamics r.p(wp, ep) have distinct quantitative, qualita-
tive, and formal properties. The dynamics rcp is stable, and the
dynamics rp is unstable. For r¢p, the velocity fields are potential; for
rip, the potential and vortical velocity components are strongly

Abarzhi et al.
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coupled. Solution rcp conserves mass, momentum, and energy
at the interface; solution r; pg conserves mass and momentum
and has zero perturbed mass flux at the interface. The conser-
vative dynamics is nondegenerate; the LD dynamics is de-
generate (Figs. 1 and 3).

Mechanisms of Stabilization and Destabilization. To better
understand the mechanism(s) of the interface (de-)stabilization, we
consider the interface velocity (11, 38-40). In the laboratory ref-
erence frame, the interface velocity is V=V +V, with v-ng=
—(u‘no+9){920+. For dynamics rcp, the values are u-ngl,_g. ~

exiVRt, €'|g=o+~e’—""/§t, leading to (u-ng+0 ~exVRt and

Moso:
v-no ~ VRt Thus, the interface velocity experiences small stable
oscillations near the steady value Vo, (\7—\70) -ng ~ e*VRt,

This suggests the inertial effect as the stabilization mechanism
of the conservative dynamics rcp. Indeed, when the interface is
slightly perturbed, the parcels of the heavy fluid and the light fluid
follow the interface perturbation, causing the change of mo-
mentum and energy of the fluid system. However, the dynamics is
inertial. To conserve the momentum and energy, the interface as a
whole slightly changes its velocity. Thus, the reactive force occurs
and stabilizes the dynamics.

For the LD dynamics rp, the interface velocity is constant,
V=V, as it is postulated in the boundary condition [u-ng]=0,
leading to (u~n0+n'9)|0=O+ =0, V=0 (5, 40). Since in classic LD
dynamics, mass and momentum are conserved, for capturing the
destabilization mechanism, we consider how the condition
[u- ng]=0 may influence the energy transport.

Remarkably, for ideal incompressible fluids, the solution rip is
incompatible with the condition for energy balance at the per-
turbed interface (20). Indeed, by substituting [u-n]=0 (j,=0) in
the condition for energy balance [J,(w+ (J-j)/p?)] =0, one ob-
tains [Jo(w+(J-))/p?)]=[Jow] =0 and with [J,]=0, reduces it
further to [w] =0 (20).

The enthalpy perturbations are w=p/p +é e, where § e are the
fluctuations of internal energy (in physics sense) (5, 20). In ideal
incompressible fluids, free of energy sources, these fluctuations
are zero, §e=0, because é=0, Ve=0. Thus, with w=p/p and
with py, #p), the condition for energy balance, [w] =0, contradicts
the condition for momentum balance, [p]=0. We see that, for
ideal incompressible fluids, classic Landau dynamics, while con-
serving enthalpy (in physics sense) to the leading order, [Wy] =0,
requires energy imbalance at the interface to the first order. This
imbalance is induced by the first-order enthalpy perturbations,
[w] =[p/p). This is the work done by the fluid when a parcel of fluid
of a unit mass expands its volume from p; " to p;' under pressure p.

In realistic fluids, this energy imbalance can be induced by
energy fluctuations. The effect can be self-consistently derived
from entropy conditions with account for chemical reactions. In
ideal fluids, to quantify the effect of energy imbalance on the
interface stability, we can introduce an additional artificial en-
ergy flux; study a transition from stable to unstable dynamics
with increase of the fluctuations’ strength; and find that,
for strong (weak) fluctuations, the eigenvalues and the flow
fields are similar to those in the classic Landau (conservative)
dynamics (20) (S Appendix).

Chemistry-Induced Instabilities. In reactive fluids, it is generally
well-understood that chemically reactive systems can be hydrody-
namically unstable. However, it is a challenge to construct a model
experiment or a simulation that cleanly displays significant chemical
reaction instability at a simple interface. The paper in ref. 46 reports
atomistic simulations for studying the energy transport in a reactive
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system and the effect of chemical reaction on the interface stability.
Additional investigations are required to fully understand the
properties of chemistry-induced instabilities at atomistic and
continuous scales.

Results—Accelerated Dynamics
For accelerated dynamics, gravity g is directed from the heavy to
the light fluid, G>0.

Accelerated Conservative Dynamics. For conservative dynamics
balancing the mass, momentum, and energy at the interface,

matrix M is M=Mg, its determinant is det Mg=i((R—1)?/
R)(@ - R)(w+ R)(w? + R(1 - G/G)), and the eigenvalues w; and
eigenvectors e; are

1(2) =ii\/§\/ 1— G/Gcr: e = (*’ *, 1 ,O)T; w3=R,e3=
(0,%,00)"; @s=-Rea=(*%0,1)", [6]

where Go,=R(R—1)/(R+1) and asterisks mark functions of
R, G (Fig. 4A).

Solutions ri(w1,e1) and ry(wy, €2) depend on the value G.
For G< G, the eigenvalues are imaginary, and the solutions
ri(2) are stable, w2 = w3, 2 = e3. Solutions ry(y) are traveling waves;
their interference results in the appearance of stable standing
waves. For G> G, w1 =+vR\/G/G¢ —1, and Re[w1] >0, funda-
mental solution ri(w1,e1), hereafter rcpg(wceps, €cps), is un-
stable and describes exponential growth of the interface
perturbations. For G> Ger, w2 =—VR\/G/Gcr — 1, and Re[w,] <0,
solution ry is stable and describes exponential decay of the
perturbations. The critical value Go=R(R-1)/(R+1) ap-
proaches G¢ — R for R— o0 and Gg — (R—1)/2 for R— 1*. So-
lutions r34)(@3(4), €34)) do not depend on the value of G and
are the same as the corresponding solutions in the inertial dy-
namics. Solution r3 is unstable, Re[ws]>0, and solution ry4 is
stable, Re[w4] < 0.

For accelerated conservative dynamics reps(wepe, €cps), the
velocity fields are potential in the stable, G< G, and unstable,
G> G, regimes. For this solution, the transports of mass, mo-
mentum, and energy are balanced at the interface, the condi-
tions at the outside boundaries are obeyed, and the vortical field
and vorticity are zero, ¥,=0,Vx¥;=0,Vxu,;=0. In the stable
regime G < G, the fields of velocity, stream lines, and pressure
of solution rcpg have features similar to those of the inertial
dynamics rcp. In the unstable regime, G> G, the fields of
pressure py() are in phase with one another and with the in-
terface perturbation. However, they are no longer symmetric;
their values differ significantly and span distinct range R=
(Prmin, Pmax) With ’p,|max(mm)/}ph|max(mm) << 1and |R| << |Rp|. This
illustrates the formation of a periodic (finger-type) structure of
bubbles and spikes, with a bubble (spike) being a portion
of the heavy (light) fluid penetrating the light (heavy) fluid
(Fig. 5).

For solution ry, the velocity fields are qualitatively similar to
those for repg. For solution r3, the fields of velocity, pressure, and
interface perturbation are zero for any constant Cg; for solution ry,
the integration constant must be zero C; =0 to obey conditions at
the domain boundaries.

Accelerated LD Dynamics. For accelerated LDI, the dynamics
balances the fluxes of mass, normal and tangential compo-
nents of momentum, and the normal component of the per-
turbed velocity [u-ng]=0 (5, é). This leads to matrix M= Lg with
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Fig. 4. Dependence of eigenvalues on density ratio at some gravity
value. (A) Accelerated conservative dynamics. (B) Accelerated Landau
dynamics.

det Lg = i((R=1)/R)(w—=R)((R+ Nw? + 2Rw — (R=1)(R +G));
the eigenvalues w; and eigenvectors e; are

w12 = (—Ri V(R +R —R)+ G(R - 1))/(1 +R), e =

(% % 1) w3=Res=(0,%0,1)", 7]
where asterisks mark functions of R, G (Fig. 4B). Solutions
ri2)(@1(2), €1(2)) depend on G. Solution r3(ws, e3) is indepen-
dent of G and is identical to that in the inertial dynamics.
Fundamental solution ri(w1,e1), hereafter ripg(wipc, eps),
corresponds to the LDl in gravity field (Fig. é). It is unstable for any
G>0(5, 6). For solution r;pg, the transports of mass, momentum,
and perturbed mass flux are balanced at the interface; the con-
ditions at the outside boundaries are obeyed, the potential and
vortical components of the velocities and the interface perturba-
tion are coupled, and the vortical field length scale is
k=k(=R+/(RE+RZ—R)+ G(RZ=1))/(R(1+R)). For large G,
the pressure fields pj() are not symmetric and span a significantly

distinct range of values R=(Pmin, Pmax) With |p,|max(mm)/

|Phl max(min) < <1 and |Ri| < |Ry|. They are in phase with one an-

other and with the interface perturbation z*.

For solution ry, the interface perturbation and the vorti-
cal and potential components of velocities are also coupled.
For this solution, we must set the constant C, =0 to obey at any time
the condition uj|,_,,, =0. Solution r3 has zero fields in the entire do-
main at any time for any C; as in the inertial dynamics.

Accelerated RT Dynamics. For the RTI (22, 23), there is no mass
flux at the interface, and there is no fluid motion far from the in-
terface. This leads to the boundary conditions

! =(0,0,0),

| =0 [Pnl=0, =

=(0,0,0),

[v-n]=0, [8al

vl|z~>+oo

with [v-t]=any, [W]=any (5). We slightly perturb the inter-
face 0=-z+2'(x,t), z*=Ze™* with |0/|Ve|| < <\/g/k,
|0z* /ox| < 1. We slightly perturb the velocities with potential
fields v, = V®,,, @, =@el+kett and v, =V, @, = ekt
with |v| < \/g/k and perturb the fluid pressure P=Py+p,
|P| < |Pol, with Ph) =_ph(l)(q)h(/) + Vh(,)atbh(,)/az—gz). The
governing equations are reduced to a linear system M r=0,
where vector is r=(<1>h,<1>,,th*)T and the 3 x 3 matrix is
M=M(w, R, G). The solution is r=>,Cir;, where ri=r;(w;, )
are fundamental solutions, C; are constants, and i=1,2,3 in
the nondegenerate case (47). For RT dynamics, matrix M
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is M=Ts. Ilts determinant is det Tg=(R-1)((R+1)w?—
G(R-1)), and w; and e; are

w12 =2/GR=1)/(R+1), erz=(**1)",  [8b]

where asterisks mark functions of R, G. Note that, while in RTI,
the length scale and timescale are 1/k and 1/4/gk, to conduct
a comparative study, we scale the time with 1/kV}, where V,, is
now understood as some velocity scale, leading to g=G (kV7?)
as before.

For any G>O0, fundamental solution ri(wq,e1), hereafter
rrr(wrT, €rT), is unstable and corresponds to the RTI. Its velocity
fields are potential, V x v,y =0, and have shear at the interface.
Fundamental solution ry(wy, e2) is stable and has potential ve-
locity fields. The RT dynamics is degenerate (two fundamental
solutions, three degrees of freedom). Eliminating this degeneracy
can produce a neutrally stable solution with a “seed” velocity
shear at the fluid interface.

Comparative Study. While large gravity values destabilize the
interface, the accelerated conservative dynamics repg(wcepa,
ecpc), the accelerated LD dynamics ripg(@wipG, €.pg), and the RT
dynamics rgr(wrr, €r) have distinct quantitative, qualitative, and
formal properties.

For solution rcpg, the instability develops only when the
gravity value exceeds a threshold, G> G, whereas for solutions
r.pc and rgr, the dynamics is unstable for any G> 0. For G — 0, the
dynamics repg is stable, wcpg — iv/R; the dynamics rgr is neutrally
stable, wgr —0; and the dynamics ripg is unstable, wpc—
(-R+VR3+R2-R)/(1+R). For G- o0, the dynamics rcpg,
ripG, rrr is unstable, and growth rates are wcpg — v/ RG/Ger,
wrr=+/G(R-1)/(R+1), oo — wrr. There exists a special grav-
ity value of G=G" at which all of the growth rates are equal:
WcpG =W pG = wRT. Thisis G" = (RZ - 1)/4, G* > G Solution rcpg
has the smallest growth rate for G < G < G*, wcp < wgr < w(pg, and
the largest growth rate for G> G*, wcpg > wrr > @ pg. For G — oo,
the accelerated conservative dynamics has the largest growth rate,

with a)cpg/a)RT(LDG) - (R+ 1)/(R— '|) (Fig. 7).
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Fig. 5. Flow fields' structure for the accelerated conservative dynamics.
Plots of real parts of the interface perturbation, the perturbed velocity
vector fields, and the perturbed velocity streamlines and the contour

plot of perturbed pressure with red (blue) for positive (negative) values.
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Fig. 6. Flow fields’ structure for the accelerated Landau dynamics.
Plots of real parts of the interface perturbation, the perturbed
velocity vector fields, and the perturbed velocity streamlines and the
contour plot of perturbed pressure with red (blue) for positive
(negative) values.

Solutions rcpg, ripg, rrr have distinct flow fields in the bulk
and at the interface. In the bulk, solutions rcpg,  rrr have potential
velocity fields, whereas for solution r;pg, the potential and vor-
tical components of the velocity fields are strongly coupled.
Solutions rcpg, ripg are shear-free at the interface, whereas
solution rgr has the interfacial shear leading to the development
of Kelvin-Helmholtz instability and the interfacial vortical struc-
tures (22-31).

Solutions repg, ripg. rrr have distinct physical and formal
properties. At the interface, solution rcpg conserves mass,
momentum, and energy; solution rpg conserves mass, mo-
mentum, and perturbed mass flux; and solution rgr conserves
mass and normal component of momentum. Conservative dy-
namics is nondegenerate, the LD dynamics is degenerate, and
the RT dynamics is degenerate. The degeneracy indicates a
singular and ill-posed character of the LDI and the RTI (2, 3).

Mechanisms of Stabilization and Destabilization. The stabili-
zation mechanism of the accelerated conservative dynamics is
revealed by the qualitative dependence of the solution rcpg on
the gravity value. At vanishing gravity G— 0, the accelerated dy-
namics becomes inertial, rcpg — rep, and stable, wcpg = wcp, with
wcp=ivR. The dynamics is stabilized by the inertial effects. For
small gravity values, G < G, the inertial effects dominate, and the
conservative dynamics is stable. For large gravity values, G> G,
the buoyancy effects dominate and destabilize the conservative
dynamics.

While velocity fields in accelerated conservative dynamics
rcpg are potential in the bulk, this instability is distinct from the
RTI. For any gravity value, G>0, the RT dynamics has no fluid
motion away from the interface; it has zero mass flux and has shear
at the interface; it is neutrally stable wgr—0 for G—0. In
accelerated conservative dynamics rcpg, there are mass flux across
the interface, uniform motions of the fluids far from the interface,
and zero shear at the interface; yet, this instability is distinct from the
LDI. The LDI has vortical fields; it is unstable w;pg — wp for G- 0.

These results are consistent with the dependence of the in-
terface velocity on the gravity value. In the laboratory reference
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frame, the interface velocity is V=V +V, V-ng=—(upng+6) |g=0+.
For accelerated conservative dynamics repg, in the stable regime,
G €0, G), the interface velocity experiences stable oscillations near
the steady value Vo with (V= V) -ng= (upng +6) |pegs ~ €locoslt.
In the unstable regime, G> G, the velocity of the interface as a
whole increases with time. In the linear regime, this increase is
exponential, (uhno+9)}9=0+ ~ e”6t |n the advanced stages, we
may expect it to be a power law function of time (2, 3). For RT
dynamics rgr, the velocity of the interface as a whole is zero in the
linear regime and is a power law function of time, ~gt?, in the
advanced mixing regime (2, 3, 26, 30). For the accelerated LD dy-
namics ripg, the interface velocity is constant, V=V (5, 6).

For large accelerations, G>G", the unstable dynamics
repa(Log, rr) transforms the interface to a periodic structure of
bubbles and spikes: The heavy (light) fluid is pushed into the light
(heavy) fluid in spikes (bubbles) by the difference of the higher
pressure in the heavy (light) fluid and the lower pressure in the
light (heavy) fluid. The counterflows develop with fingers of
"heavy spikes” and “light bubbles,” in agreement with observa-
tions (Figs. 5 and 6) (2, 3, 26, 30).

In dimensional units, for given values V,,g,pp, p; for the
accelerated conservative dynamics, we further find the critical
wave vector ke =(g/V2)(p1/pn)(pn+p1)/(ph—p)) at which the in-
terface is stabilized, Qcpg|i—y, =0, and the maximum wave vector
kmax = ker /2 at which the unstable interface has the fastest growth,
aQCDG/aHk:kmax = 0, 02QCDG/ak2 |k=kmax <0.
Effect of Surface Tension. Our general framework enables the
systematic study of interfacial dynamics influenced by surface ten-
sion, thermal conductivity, compressibility, viscosity, mass ablation,
and flow geometry and dimensionality, upon the corresponding
modification of the governing equations. Here we briefly consider
the effect of surface tension. Itis important in multiphase flows, and
is straightforward to account for. The outline of results is given in the
Sl Appendix. Note that stabilizations of the conservative dynamics by
the inertial effect and by the surface tension are distinct mechanisms.

Discussion

Interfacial mixing is a nonequilibrium process coupling kinetic
to macroscopic scales (1). Grasping fundamentals of the interfacial
dynamics is crucial for science, mathematics, and engineering (2-6).
This work is focused on the classic problem of stability of a fluid
interface (phase boundary) that has a mass flux across it (5, 6, 40).

B 2 4 6 8 G 10

Fig. 7. Dependence of the growth rates of the instabilities on
gravity value.
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We have briefly reviewed the recent advances in theoretical and
experimental studies, have developed the general theoretical
framework to systematically study the interface stability and the
flow fields, and have identified the mechanisms of interface
stabilization and destabilization in the inertial and accelerated
flows that have not been discussed in earlier studies (5, 6, 32-45)
(Figs. 1-7).

Our theoretical framework is consistent with and generalizes
the classic approach (5, 40); directly links the flow fields to the
boundary conditions at the interface; and assumes sharp changes
of the flow quantities at the interface and negligible effects of
dissipation, diffusion, compressibility, and interface thickness. By
examining the interface from a far field in a sample case of a 2D
flow, we found extreme sensitivity of the dynamics to the in-
terfacial boundary conditions and discovered properties that have
not been identified before (Figs. 1-7).

The inertial conservative dynamics is stable and is stabilized by
the reactive force. The flow is a superposition of two motions—the
background motion of the fluids following the interface with
slightly oscillating velocity and stable oscillations of the interface
perturbations (Figs. 1-3). For classic Landau dynamics, the in-
terface velocity is constant, the reactive force is absent, and the
dynamics is unstable. An energy imbalance may enable the LDI to
occur. In reactive fluids, the energy imbalance can be due to
chemical reactions (46). The LD unstable dynamics is a superpo-
sition of two motions—the background motion of the fluids fol-
lowing the interface with the constant velocity and the growth of
the interface perturbations (Figs. 1-3).

For accelerated conservative dynamics, the flow stability depends
on the interplay of inertia and buoyancy (i.e., reactive force and
gravity) (Figs. 4-7). For gravity values smaller than a threshold, the
dynamics is stabilized by inertial effect and reactive force. For large
gravity values, buoyancy effect dominates, and gravity destabilizes
the flow. The dynamics is a superposition of two motions. Below the
threshold, these are the background motion of the fluids following
the interface with slightly oscillating velocity and stable oscillations
of the interface perturbations. Above the threshold, the interface
perturbations grow and therefore, it is the interface velocity. For
strong accelerations, this instability grows faster than the accelerated
LDl and RTI; for weak acceleration, the LDI has the largest growth rate.

For unstable conservative dynamics in a gravity field, the flow
is potential in the fluids” bulk, similar to the RTl and in contrast to
the accelerated LDI; it is shear-free at the interface, similar to the
LDI and in contrast to the RTI. The conservative dynamics is non-
degenerate in contrast to the LDI and the RTI. The degeneracy
suggests a singular (ill-posed) character of the RT and LD dynamics
requiring the (neutrally stable) seed vortical field in the bulk for the
LDI or the seed interfacial shear for the RTI.

It is commonly believed that an interface separating nearly
ideal incompressible fluids and having an interfacial mass flux is
subject to the LDl at large scales and that, in realistic environment,
the LDl is a challenge to implement, because the effects of dis-
sipation, diffusion, and finite interface thickness stabilize the small
scales (5, 6, 11, 12, 37-39). Our far-field analysis is fully consistent
with these results: For fluids with similar densities, R~ O(1), the
contribution of vortical fields to the dynamics is small, and the
fluxes induced in realistic fluids by the stabilizing effects may
dominate the dynamics and define the interface stability (5, 6, 11,
20, 37-39, 44, 45). For fluids with very different densities, R>> 1, a
more careful consideration is required (2-4, 20). Our analysis
yields the qualitative and quantitative characteristics of the
dynamics that have not been measured before and that can be
diagnosed (20, 46) (Egs. 1-8, Figs. 1-7, and SI Appendix).
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One such experiment can be a study of the dynamics of fluids
with very different densities, with diagnostics of the flow fields near
the interface and in the fluids’ bulk, and with the measurements of
the interface evolution, including the interface velocity as a whole
and the interface perturbation growth rate. By comparing the ob-
servations with our benchmarks, one can further identify the fun-
damentals of the interfacial dynamics in realistic environments and
elaborate approaches for the flow control (Figs. 1-7) (1-3, 20).

Several questions may frame these perspective studies (20,
46). Can the LDI unconditionally develop at the large scales
(20) (Egs. 4 and 5 and Figs. 1-3)? How can the dynamics be
stabilized—by inertial effect, by dissipation and diffusion, or by
their combination? How strong should energy fluctuations be
to destabilize the flow (20) (S/ Appendix)? Can these fluctuations
be induced by chemical reactions (46)? If so, how are the
properties of chemistry-induced instabilities compared with those
of the LDI (46)?

For accelerated dynamics, our results suggest that the con-
servative dynamics is driven by the interplay of the effects of in-
ertia and buoyancy (reactive force and gravity). These results
are consistent with recent studies of ablative Rayleigh-Taylor
and Richtmyer—-Meshkov (RMI) instabilities in compressible fluids
(32-35, 41-43). Our analysis yields the properties of the
accelerated interfacial dynamics that have not been discussed
before (Eqg. 6 and Figs. 4-7).

According to our results, the conservative dynamics can be stable
even for ideal incompressible fluids at any density ratio when the
gravity value is smaller than a threshold (Fig. 7). In the stable regime,
the interface velocity experiences stable oscillations, whereas in the
unstable regime, along with the growth of interface perturbations,
the interface velocity may also increase. The latter qualitatively
explains the intensive material mixing observed in experiments in
inertial confinement fusion (7, 33, 35). Thus, our analysis can self-
consistently resolve this long-standing puzzle. Note that our
conservative dynamics instability is the fastest (compared with the
LDl and the RTI) in the extreme regime of strong accelerations that
are common in high-energy density plasmas (32-34).

For our accelerated conservative dynamics with the growth rate
Qcpe =kVi/(pn/p1)(9/9ger — 1), experiments and simulations can
be conducted on the basis of our results. For given g, Vi, (pn/p)), by
varying k, one may observe the interface stabilization at k.- and the
fastest instability growth at kmax = ker /2. For given Vi, (pn/p)), k, by
varying gravity g, one may observe stable oscillations of the in-
terface with Qcpg = ikViy/ph/p) for g < ger and unstable growth

of the perturbations with Qcpg =kVi/(ph/p1)9/9er for g>> ger.
For given g, (pn/p)). k, by varying V,, one may observe stable
oscillations for large V4, and unstable perturbation growth for
small V.

Existing experimental and numerical studies of the interface
stability are focused on the growth of the perturbation amplitude
(5-7, 11, 33-39). Our analysis derives the amplitude growth rate and
finds that the dynamics is highly sensitive to interfacial boundary
conditions. According to our theory, by measuring at macroscopic
scales the flow fields in the bulk and at the interface, one can
capture the transport properties at microscopic scales at the
interface (Figs. 1-7). This information is especially important for
systems where experimental data are a challenge to obtain (7, 8,
13,15, 16, 32-39).

Our approach can systematically incorporate the effects of dis-
sipation, diffusion, compressibility, radiation transport, stratification,
finite interface thickness, and nonlocal forces that are important
for material dynamics in realistic environments (5, 7-16). According
to our results, at small length scales, the interface dynamics can be
stabilized by surface tension that influences critical (maximum) wave
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vector ke (kmax) for given values of g, Vi, 6, py,, pp, /). Our approach can detonation transition in supernova (8, 9, 36), and dynamics of
be applied to analyze the interplay of interface stability with structure of ~ reactive and supercritical fluids (6, 20, 37, 46).

flow fields at various experimental parameters. It substantiates per-
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