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Abstract
The problem of irradiation of a thin gold film deposited on a glass substrate by a narrowly 
focused single femtosecond laser pulse is considered. Different surface structures can 
emerge depending on amount of radiation energy absorbed by an irradiated surface.The 
most important thermal driver for the formation of surface structures is the lateral elec-
tron heat flow in the film. This effect consists from three stages: (1) the distribution of the 
absorbed in the skin layer of laser energy from the frontal boundary of the film to the rear 
boundary to equalize the temperature; (2) lateral transfer of energy along the film from the 
center to the edges; (3) cooling and recrystallization of the heated region of the light spot. 
A model for the study of the effect is presented based on the two-temperature equations of 
S. I. Anisimov and coauthors and the semi-empirical wide-range equation of state of metal. 
The model takes into account Gaussian pulse absorption, electron thermal conductivity 
and electron-ion relaxation in the metal. If the invested energy is large enough, the shock-
wave effect on the formation of holes in the film becomes possible. It includes following 
stages: (1) generation of a shock wave in the glass due to the transfer of energy from the 
metal; (2) spherization of the formed shock wave, i.e. transition from one-dimensional to 
two-dimensional propagation mode; (3) transverse propagation of the shock wave in the 
substrate along the boundary with the film; (4) accumulation of momentum of a film in 
direction of vacuum. Pressure behind the shock pushes material of a film away from the 
substrate. When material of a film accumulates enough momentum (and thus velocity in 
direction to vacuum) it loses connection with substrate. This leads to formation of a hole. 
Layers of backing material at the same time acting on film as the pistons. A hydrodynamic 
model for the study of holes formation based on the equations of hydrodynamics of the 
ideal Euler medium is presented.
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1 Introduction

An interest to ultrashort pulse lasers has not diminished due to a huge number of appli-
cations in nonlinear optics, spectroscopy, particle acceleration, directed beam gen-
eration, micro- and nanoelectronics, telecommunications, medicine and other areas of 
modern science and technology (Kryukov 2008). An important application of femto-
second laser ablation of materials is to obtain surface structures with different physical 
properties. The smooth surface of the substance after action of ultrashort laser pulse 
becomes nanostructured.

Speaking of laser-induced surface structures, the periodic surface structures of 
LIPSS (Bonse et al. 2017) discovered in the middle of the last century should be men-
tioned first. At higher intensities exceeding the thermomechanical ablation threshold, 
so-called random or chaotic surface structures arise (Vorobyev and Guo 2006; Fang 
et al. 2017). They are observed in the case of irradiation of thick targets and wide spots, 
compared, respectively, with the thickness of the heating zone and the size of the foam-
ing zone. The intermediate position is occupied by structures that are observed when 
the energy threshold of thermomechanical ablation is not too much exceeded. As the 
energy invested increases, these can be explosions, jets, and holes (Wang et  al. 2017; 
Nakata et  al. 2003; Meshcheryakov and Bulgakova 2006; Meshcheryakov et  al. 2013) 
arising in thin metal films sprayed onto glass substrates. We will consider the film thin, 
if its thickness does not exceed the heating zone of the metal, which is 50–150 nm for 
gold. Laboratory glass is often used as a substrate. In any case, the substrate must be 
thick enough to avoid destruction as a result of interaction with the shock wave caused 
by laser heating.

2  Thermal model

Sometimes films are fabricated of copper, nickel or multi-layer plastic for applications 
in electronics, but more often they are made of gold or silver. Consider the action of 
a single femtosecond laser pulse on a typical aluminium film of 50 nm, 1 nm = 10−9 
m thick. The thickness of the skin layer is 15 nm for optical lasers, the pulse duration 
�L = 15  fs, 1  fs = 10−15 s, the diameter of the light spot 2RL = 360  nm, RL = 180  nm. 
Let’s connect the longitudinal direction parallel to the laser beam with the x-axis. The 
perpendicular direction will be the y-axis. As a result of laser radiation, the film melts 
and later cools and recrystallizes. The two-temperature stage (2T-stage) is essential in 
this process, i.e. the model of the phenomenon must take into account the absorption of 
laser pulse energy by the electron subsystem, its subsequent transfer in the metal and 
relaxation between the electron and ion subsystems.

2.1  Overall description of processes

Absorption of a femtosecond laser pulse initiates the following processes: 

1. Laser illumination of a focal spot with a diameter of 2RL on the surface of the film.
2. Energy absorption and heating of the electronic subsystem in the skin layer within the 

focal spot. The distribution of energy during heating in the direction from the center 
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to the edges of the spot corresponds to the intensity distribution in the laser beam. See 
Fig. 1a.

3. Rapid redistribution of the energy of the electronic subsystem in the longitudinal direc-
tion, i.e. deep into the film. The term “ballistic transport” has previously been used to 
describe this process. The driver of the process is the electronic thermal conductivity. 
It becomes significant because of the strong heating of the electronic subsystem due to 
the absorbed pulse. The process takes place during about 1 ps, 1 ps = 10−12 s, until the 
approximate alignment of the electron temperature in the longitudinal direction, i.e. deep 
into the film. The speed of heating the film at this stage is several times higher than the 
speed of sound. The transverse distribution of electronic energy in the film during this 
time does not have time to change significantly because of the difference in spatial scales 
by an order of magnitude. Therefore, the energy distribution along the film boundary 
remains inhomogeneous. See Fig. 1a.

4. Slower alignment of the electron energy in the metal in the transverse direction. At this 
stage, the longitudinal component of the electron temperature gradient directed deep 
into the film is already small, and the transverse component of the electron temperature 
gradient becomes significant. The transverse component is significantly less than the 
maximum value in stage 2, so this stage lasts several times longer than stage 3. Referring 
to the two-dimensional approximation, here we can talk about the “turning” of the heat 
flow: in the previous stage, the main energy transfer went from the front wall of the film 
to the rear, and now split into two parts and turned 90°, from the center to the edges. 
Parallel to the electron thermal conductivity, electron-ion relaxation occurs at stages 
2–3, which eventually leads to a practical coincidence of the profiles of the electron and 
ion temperatures. That is, with stage 3, the 2T-stage is also completed, and the process 
is then single-temperature. It can also be called a single-temperature stage (1T-stage), 
as opposed to a 2T-stage. See Fig. 1b.

5. And finally, due to cooling in the transverse direction, the melted gold temperature 
decreases within the light spot with a diameter of 2RL . Gradually the metal solidifies.

Fig. 1  The process of heat propagation after absorption of laser energy in a thin layer of metal is shown. a 
First, the heat propagates mainly along the normal to the surface, since the electron temperature gradient in 
this direction greatest. As a result, the electron temperature is aligned with the normal to the surface. b The 
absorbed energy then begins to flow laterally through the film. Heat flows from the film to the substrate are 
neglected because the thermal conductivity of the substrate is small
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2.2  Model equations

Before creating a fully two-dimensional model, the authors used a one-dimensional hydro-
dynamic code for modeling (Inogamov et al. 2010, 2011). The lateral transfer of heat by 
electrons was further modeled using analytical estimates with either �e constant electron 
thermal conductivity or the insertion of a short two-temperature stage. In the two-dimen-
sional thermal model, we completely neglect the motion of matter, i.e., heating and cooling 
occur isochorically.

The model uses two-dimensional nonlinear two-temperature equations of thermal con-
ductivity and exchange. In one-dimensional geometry, these equations were first proposed 
by S. I. Anisimov, B. L. Kapeliovich and T. L. Perelman, in a widely cited paper (Anisimov 
et al. 1974), which was written in 1974, long before the era of widespread use of femtosec-
ond lasers. Two-dimensional equations are solved numerically using the alternating-direc-
tion implicit (ADI) technique developed by Peaceman and Rachford (1955) and Douglas 
(1955). The evolution of electron and ion temperatures in the case of a single light spot 
illuminated by a Gaussian beam is considered.

A two-dimensional two-temperature system of equations of a thermal model in plane 
geometry is written as:

Here ee , ei are the internal energies of the mass unit of electrons and ions, Te and Ti are the 
electron and ion temperatures, and �ei is the ion-electron coupling parameter that deter-
mines the rate of energy exchange between the electron and ion subsystems. The values of 
�e and �ei are taken from (Petrov et al. 2015).

The model is closed by two-temperature equations of state (EOS) (Petrov et al. 2015; 
Khishchenko 1997, 2004, 2008, 2015, 2017; Levashov and Khishchenko 2007) for the 
electron and ion subsystems:

Fermi-gas EOS is used for the electronic subsystem. The tabular semi-empirical multi-
phase EOS is used for the ion subsystem. Consideration of phase transitions makes the 
presented thermal model multi-phase. This allows for a more accurate accounting of the 
energy costs of melting, as opposed to approaches that consider the metal to be molten 
once it reaches the melting point. Such approaches ignore the melting process, in which the 
metal is not completely solid or completely liquid, but rather is in a separate volume in the 
form of a mixture of solid and melt. Also, they do not take into account the need for a very 
significant additional energy supply in order to completely melt the metal.

The energy source of the electronic subsystem (1) is as follows:

The intensity distribution (4) corresponds to the radiation focused by a cylindrical lens. 
Radiation beam is directed from top to bottom, i.e. in the negative direction of the y-axis. 
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The maximum intensity is achieved at the point of the irradiated surface with the coordi-
nate x = 0 . This maximum corresponds to the value of the absorbed fluence

In the simulation we take Rbox = 500 nm and RL = 180 nm. Small correcting multiplier

is introduced to correct the intensity of the absorbed radiation so that at the edge points of 
the region x = ±Rbox . The intensity there is zero and there is no absorption.

2.3  Simulation and results

Thus, the computational domain is a box of [−500, 500] × [−50, 0] nm size. A uniform 
rectangular grid of 1000 × 50 cells was chosen for the simulation. The results are pre-
sented for the absorbed energy Fabs = 500 J/m2 . Simulation starts from the time moment 
t = −5�L . By the time moment t = 0 a half of the laser pulse energy is absorbed.

The isothermal boundary condition Te = 300 K (room temperature) is imposed on the 
right and left (side) boundaries of the film. Adiabatic boundary conditions

are imposed on the upper and lower boundaries (irradiated surface and back edge of the 
film).

Figures 2 and 3 show the evolution of the electron and ionic temperature fields. Note 
the difference between red colors on the figures: maximum Te approximately equals 
about 13,000 K while maximum Ti hardly reaches the value of 3300 K. As indicated in 
the description in the previous section, for the first few picoseconds there is an align-
ment along the y axis, which is approximately the same time as the two-temperature 
stage. Then, in a few tens of picoseconds, the temperature is aligned along the x axis. 
Then, the metal cools and freezes.

Figure 4 shows the evolution of the melting zone obtained using the phase indicator 
tables from the EOS. Every pair of red and green bar denotes two zones: circular green 
zone inside the annular red zone. Green stripes cover the circle with fully molten metal. 
Red stripes indicate the annular fragments of the substance in which melting occurs, 
i.e. the metal is present as a mixture of solid and liquid phase. The region between red 
and green bar maximums is the mixing zone where the metal is present in both phases. 
Beyond the red bars area, the metal temperature is lower. Of course, simulation without 
special tracking of phase transitions and fronts of melting/crystallization does not allow 
to reflect quantitatively accurately the dynamics of the position of the zone boundaries 
at the late stages. But the qualitative result is quite acceptable, as evidenced by a good 
coincidence of the width of the melting zone at the time of 1 ns with the MD calcula-
tions presented in Inogamov et al. (2009).
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2.4  Discussion

Let’s discuss the the model presented.
Let’s take a look to the phase diagram of aluminum on Fig.  5. Figure shows the 

curves of coexistence of solid, liquid and gas phases. Our model uses the wide-range 
equation of state.

Fig. 2  Te field at the time moments of 0, 0.3, 1, 2, 5 ps. Blue color corresponds the room temperature 
300 K, red color corresponds to about 13,000 K. (Color figure online)

Fig. 3  Te field at the time moments of 0, 0.3, 1, 2, 5 ps. Blue color corresponds the room temperature 
300 K, red color corresponds to about 2200 K. (Color figure online)
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The advantage of the approach presented is taking into account the hidden heat of 
melting. The disadvantage is the approximation of the fixed substance. Therefore, the 
density of our film does not change with heating. This means that the distribution of 
ionic temperatures is always situated on the isochore of the initial density of aluminum. 
This is the isochore shown by the vertical dashed curve ion Fig. 5. The isochore begins 
on the sublimation curve at room temperature.

Our main task is to describe the initial stage of heating, which lasts from the begin-
ning of heating the film with a femtosecond pulse and up to times of the order of the 
acoustic time scale ts = df∕cs , where df  is the thickness of the film, cs is the speed of 
sound; the speed of sound varies moderately with the heats that interest us. For a film 
with a thickness of 50 nm and a sound speed of approximately 5 km/s, the duration of 
the acoustic stage is 10  ps. The main thing for us is to track the course of important 
events that occur at times that are less than the acoustic scale.

Fig. 4  Radius of melting zone 
depending on time. Red bar 
marks the region containing the 
mix of solid and liquid phases of 
metal, while inside the green bar 
region the metal is fully molten. 
(Color figure online)

Fig. 5  The phase diagram of alu-
minum used in the heat model for 
the descrition of heat spreading 
inside the film. Tabular data was 
used according to Khishchenko 
(1997, 2004, 2008, 2015, 2017) 
and Levashov and Khishchenko 
(2007). The boundaries of phase 
transitions are shown: c-the 
condensation curve, c.p.-the 
critical point, b-the boiling 
curve, the black line segment—a 
triple point, s-the sublimation 
curve, sol-solidus, liq-liquidus, 
i-isochore density of 2.71 g/
cm3 , which equals the density of 
aluminum at room temperature
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These events are as follows: the flow of absorbed laser energy from the skin layer 
of the order of 15 nm over the film thickness of 50 nm. In about a picosecond, as our 
model calculations show, the electronic temperature is aligned with the thickness of the 
film. Accordingly, the gradient of the electronic temperature at the coordinate y (this 
is the vertical to the film) decreases sharply. This gradient becomes of the order of the 
electron temperature gradient in the lateral direction x. Thus, it becomes essential to 
spread heat along the film from the heating spot to the periphery; cooling by transfer-
ring heat to the substrate at the specified time scales is neglected. This is true because 
the thermal conductivity of the glass substrate is small.

So, the first two important events are first the spreading of heat along the thickness 
along the coordinate y and then the spreading of heat along the film-the rotation of the 
heat flow from the direction y to the direction x. The third important event is related 
to the temperature equalization of the electron and ion subsystems. It occurs on a time 
scale of 2–5 ps. Why is this event important?

The fact is that after the temperature equalization, the coefficient of electronic ther-
mal conductivity decreases sharply. Accordingly, the propagation of heat to the sides of 
the heating spot on the film is sharply inhibited. In our calculations, we use a model of 
the thermal conductivity of aluminum, which continuously describes through both two-
temperature and one-temperature states together with a jump in the thermal conductiv-
ity coefficient during melting (Inogamov and Petrov 2010). Note that the propagation 
deceleration occurs before the end of the isochoric stage; the duration of the isochoric 
stage is determined by the acoustic time scale ts . At the isochoric stage, it is permissible 
to use an approximation that does not take into account the processes of thermal expan-
sion of the substance. Section 3 is devoted to accounting for this extension.

Therefore, spot heating, which is to top acoustic stage is determined by how greatly 
expand spot heating in comparison with the laser spot radius RL . Our calculations show 
that the broadening of the spots compared with RL is in the case of aluminium approxi-
mately dT ∼ of 100–150  nm. Thus, instead of spot with radius RL we get a spot with 
radius RL + dT . See that the effect of thermal broadening is important only for very small 
values of RL . Small values of the radius of the beam are obtained by focusing at the dif-
fraction limit (when RL ∼ � ) and when using ultraviolet radiation � ∼ 200−300  nm; �
-wavelength of the applied radiation.

Why is the size of the heating spot formed at the beginning of the acoustic stage so 
important for describing the laser impact on the film? The fact is that the accumulation 
of the reactive impulse by the film due to the mechanical recoil from the substrate con-
tinues for a period of time on the order of the acoustic time scale (Inogamov and Zhak-
hovskii 2014). If the film has accumulated sufficient momentum in the direction of the 
vacuum, it breaks away from the substrate. If not, it remains on the substrate. Momen-
tum accumalated is equal to � dF v = ∫ tsep

−∞
p dt at a given point of the film is determined 

by the pressure p(t) at the film-substrate boundary; here tsep the time at which the film 
is separated from the substrate, tsep ∼ ts . In turn, this pressure depends on the history of 
heating—that is, the history of temperature increase at this point of the film. It is clear 
that the heats outside the heating spot are small. Therefore, the film points outside the 
heating spot in Fig. 2 will not be able to break away from the substrate.

Determining the effective spot radius RL + dT is crucial for applying the Liu (1982) 
approach. In this approach, it is assumed that the intensity distribution, and hence the 
fluence over the heating spot, is described by the Gauss function. Further, it is believed 
that the reflection coefficient does not depend on the intensity—that is, it is uniform 
in the heating spot. Then the absorbed energy (absorbed fluence) is also given by the 
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Gauss function. Our problems of heat propagation, of course, operate with the absorbed 
fluence F.

Let F = Fc exp(−x
2∕R2

L
) , Fc being the fluence value in the center of the spot. Let Fa 

be the threshold fluence: above this fluence, the film breaks away from the substrate, 
below this, the cohesion forces between the film and the substrate hold the film on the 
substrate. Let xa be the radius of the separation spot; we use the same terms (radius) for the 
cases of cylindrical lighting and axisymmetric lighting. Then logarithmizing the equality 
Fa = Fc exp(−x

2
a
∕R2

L
), we get an important dependence

This dependence is most widely applied by experimenters. Fix the size of the beam (fix the 
focusing optics) and vary the pulse energy. As a result, the parameter Fc changes propor-
tionally. This allows you to determine two important parameters: the ablation threshold Fa 
and the beam radius RL.

The radius determined by the method of Liu (1982) is equal to the radius of the laser 
beam only in the case when there is no spreading of heat from the light spot. That is, no 
broadening of the heating spot up to the time of separation film inside the region |x| < xa . 
If there is widening, and it takes place before the moment of separation, it will be deter-
mined not by the radius of the spot light, and the radius of the heating spot RL + dT , i.e. the 
effective radius.

As you can see, the separation or non-separation of the film from the substrate is deter-
mined solely by the heating history of the local point. Below (Sect.  3) we will analyze 
a fundamentally different mechanism of separation associated with the propagation of a 
shock wave in the substrate under the film.

It is clear that the Liu technique can work in the case when the vertical size, i.e. the 
coordinate y, heating area is much (several orders of magnitude) smaller than the verti-
cal size. The technique with the real radius of the laser beam RL (not RL + dT ) is applica-
ble when the effects are strictly local, and at each point are determined by the absorbed 
energy at that point. In this case, the result at this point does not depend on what energy is 
absorbed at neighboring points.

This paper reports on two mechanisms of violation of the Liu methodology. First, it is a 
rapid (at times smaller than the acoustic scale) removal of heat by electronic thermal con-
ductivity beyond the radius RL of the lighting spot. This possibility is due to the supersonic 
rate of heat propagation through the electronic subsystem at the stage with two-temperature 
States of matter. Second, it is a hydrodynamic mechanism associated with a shock wave 
in the substrate (Sect. 3). Of course, both mechanisms arise in connection with deviations 
from locality—because of the influence of side sections (in relation to a given point of the 
film) on what is happening at a given point.

Let us now discuss what happens at distant times that exceed the acoustic time scale ts at 
these times, the displacements of matter are significant, the constant density approximation 
(isochoric approximation) is only suitable in order of magnitude. So, at small times t < ts 
the density changes are small, the main part of the substance is located on the isochore i 
in Fig. 5. At large times, it is reasonable to replace the isochoric approximation with the 
Isobaric approximation. In this case, the substance on the phase plane is located along the 
sections s and b of the binodal (phase coexistence curve) on Fig. 5.

At the early isochoric stage, at our temperatures, there is a significant area of solid-
liquid phase mixture. This mixture corresponds to the segment of the isochore i between 
the solidus sol and the liquidus liq on Fig. 5. In this case, the approximation of the Stefan 

x2
a
= R2

L
ln(Fc∕Fa).
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problem is not applicable to describe the propagation of melting on the film. At the iso-
baric stage, the situation is the opposite. The mixture disappears, forming a sharp melting 
front that separates the pure solid and liquid phases. The melting zone expands to the maxi-
mum. Then the recrystallization stage begins. Our model with an isochore approximately 
(in order of magnitude) describes what happens at long times t > ts , describes the propaga-
tion of melting and subsequent recrystallization.

Note that the separation of the film from the substrate does not interfere with the flow 
of heat along the film. Of course, due to the lengthening and thinning of the film, the heat 
transfer changes, but in quality terms, the situation remains the same. This is due to the fact 
that the main heat transfer occurs along the film—the heat transfer to the substrate is small.

The model used allows us to estimate the thermal contribution to the expansion of the 
heating region in the first few tens of picoseconds. This is important because the width of 
the heating area determines the size of the delamination zone of the film from the substrate. 
This size in turn affects the size of the resulting surface structures.

Also, with the help of the model, we can estimate the space-time scales of heating and 
cooling of the light spot. We see that the maximum width of the melting zone is reached 
at a time of about 100 ps. But at the time when delamination begins (20–30 ps) the width 
is not too much higher than the spot area. And before full recrystallization of the film 
with Fabs = 500 J/m2 and RL = 180  nm, a time interval of about 1.2  ns is required. The 
solidification stage is important because during this stage the macroscopic movement of 
the surface structures formed during ablation stops and their shape is preserved for further 
analysis.

3  Dynamic model

Numerous existing works and approaches take into consideration only the state of the film 
itself. It is advisable to exclude the substrate from consideration in numerical simulations, 
because it saves computational resources. Experimental studies usually do not have the 
means to monitor the substrate, paying all attention to the observation of the film. Further, 
however, we will show that at certain values of the absorbed fluences, spatial effects in the 
substrate have a strong influence on the resulting nanostructures, up to a significant change 
in their shape.

3.1  Overall description of the effect

Consider the problem of single-pulse subpicosecond ablation of a thin gold film deposited 
on a substrate of laboratory glass. In a similar setting, a series of full-scale experiments 
(Wang et al. 2017) with the 50 nm-thick golden film deposited on 100 μm-thick silica glass 
substrate. Second harmonic was used with wavelength � = 515 nm, duration of the pulse 
was �L = 200 fs and numerical aperture was NA = 0.25 . At sufficiently large absorbed flu-
ences as a result of ultrashort laser irradiation holes began to form. The size of the holes 
grew with increasing intensity of radiation, and could exceed the size of the light spot sev-
eral times, see Fig. 6.

The reasons for this phenomenon become clear if we include in the consideration of 
the hydrodynamic motion of the substrate. Figure  7 shows the general scheme of the 
mechanism.
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For the first few picoseconds, the area of the light spot in the film has time to warm up 
strongly in the longitudinal direction, from the front wall to the border with the substrate. 
The boundary of the film with the substrate then becomes the source of the compression 
wave in the substrate. This effect lasts for a limited time until the high pressure area in 
the film disintegrates. Initially, a plane compression wave propagates in the substrate in 
the longitudinal direction, deep into the substrate. Then the wave front gradually spher-
izes, the compression profile tilts and becomes triangular due to the rarefaction wave catch-
ing up with it. As a result, already at a distance approximately equal to RL , the perturba-
tion is a triangular spherical shock wave. The magnitude of the jump at the front of the 
wave decreases rapidly as it propagates. This effect is essentially two-dimensional (taking 
into account the axial symmetry) and can not be obtained using a one-dimensional hydro-
dynamic code. After passing the distance RL , the wave continues to spread in the glass 
and fade. Its front is an expanding hemisphere, which also passes through the boundary 

Fig. 6  The photos of the holes (Wang et al. 2017) obtained by scanning electron microscope (SEM) tech-
nique

Fig. 7  Holes formation effect scheme due to the shockwave in the glass substrate
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between the film and the substrate. As the wave passes through the boundary, the boundary 
points accumulate momentum directed from the substrate in the film. When this momen-
tum becomes sufficient, delamination of the film from the substrate occurs at the place 
where the magnitude of the impulse is large enough. Due to the axial symmetry of the 
wave, we can talk about the gradual delamination of the ring layers of the film from the 
substrate. The accumulated momentum decreases as the distance from the center of the 
light spot, and at some point it becomes insufficient for separation. At this point, delamina-
tion stops. Thus, this process can be described as a shock-wave mechanism of hole forma-
tion under ultrashort laser irradiation of a thin film. The thermal mechanism does not allow 
to explain this effect as it excludes essential influence of laser heating outside of a light 
spot.

3.2  Model equations

The proposed one-temperature model and algorithm are based on Euler equations of 
motion of a compressible ideal medium in plane two-dimensional geometry. In conserva-
tive form they can be written as

where � is the density, u, v is the x- and y-components of velocity, p is the pressure, e is the 
internal, and E = e + 1∕2u2 + 1∕2v2 is the total energy of the mass unit. The equations of 
the model are closed by the equation of state

The model is needed primarily to detect the effect and describe the stages of the process. 
It is not required to accurately display the shape and size of the resulting nanostructures. 
Therefore, we will be satisfied, with some reservations, with the EOS of the ideal gas 
p = (� − 1)�e , � = 3 . We will not describe in detail the process of radiation absorption 
characteristic of the 2T-stage of ultrashort ablation, rapid energy transfer deep into the film 
due to electronic thermal conductivity and further heating and temperature equalization in 
the film due to electron-ion relaxation. These processes are described in detail in the works 
(Inogamov and Zhakhovskii 2014; Inogamov et al. 2015, 2016a, b; Inogamov and Zhak-
hovsky 2016) and we well represent the shape of the resulting compression profile in the 
film. Therefore, we will limit ourselves to the task of the Gaussian initial pressure perturba-
tion, which describes with sufficient accuracy the result of real heating of the film at the 
2T-stage. The ionic thermal conductivity in our conditions is also negligible.

(8)
��

�t
+

�(�u)

�x
+

�(�v)

�y
= 0,

(9)
��u

�t
+

�(p + �u2)

�x
+

�(�uv)

�y
= 0,

(10)
��v

�t
+

�(�uv)

�x
+

�(p + �v2)

�y
= 0,

(11)
��E

�t
+

�(u(p + �E))

�x
+

�(v(p + �E))

�y
= 0.

(12)p = p(�, e).
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3.3  Gas dynamic approach

To be sure, an ideal gas is a pretty rough approximation to describe a condensed medium. 
However, from the point of view of the principle of rationality of numerical modeling, 
its use is quite justified, since this approximation is sufficient for fixing and step-by-step 
description of the effect. It is required to present a plausible physical picture, close to the 
real picture of the condensed matter flow. This is achieved in the present model in two 
ways. First, we choose the initial conditions so that the wave pattern is as close to reality as 
possible. Namely, we strive for such a ratio of pressures and densities that the sound veloc-
ity of the resulting medium in the metal region was close to its bulk modulus.

Secondly, we introduce a background pressure of pini = 100  GPa, 1GPa = 109  Pa, 
which is conventionally considered zero. It is supported by gas in a vacuum. That is, we 
replace the vacuum with a low-density hot gas with a background pressure of 100 GPa. 
Dynamically, in two-dimensional motion, the presence of such a gas is insignificant 
because of its low density. Further in the calculations we will monitor the pressure adjusted 
for the background i.e. for the value p − pini . Thus, we ensure that the pressure is equal to 
zero under normal conditions and that the contact boundaries are fixed in the non-heated 
areas. At the same time, the background pressure allows us to approximate the situation 
with a condensed medium in which, when expanding beyond the equilibrium specific vol-
ume, a negative pressure appears. Here, if we encounter a pressure below pini in the simula-
tion, we will understand that we are observing a region where the substance is stretched by 
the substance.

It turns out that we use in the model a simple and universal description of the properties 
of a substance, which in different ranges of values of variables exhibits different proper-
ties. The description of the glass is also satisfactory, since the sound velocities in gold and 
glass are in order the same as the real ones. And in the area of small densities in the air or 
vacuum zone, the environment behaves as ideal, which is what we need. At the same time, 
a single EOS for all three substances allows not to use multiphase/multi-liquid models for 
the correct description of the flow in the areas of contact discontinuities.

3.4  Simulation and results

The simulation is performed using a hydrodynamic code that implements Godunov-type 
finite-volume method on a uniform rectangular grid. To calculate the intercell fluxes, we 
use a Riemann solver based on the exact solution of the problem of the desintegration of 
an arbitrary discontinuity. The first implementation of the numerical algorithm used a first-
order accuracy method in time and space. Here we improved the algorithm by increasing 
the order over the space up to the second one using slope limiter. Slope limiters are used in 
high resolution schemes, to avoid the spurious oscillations (wiggles) that would otherwise 
occur with high order spatial discretization schemes due to shocks, discontinuities or sharp 
changes in the solution domain. Use of flux limiters, make the solutions satisfy total varia-
tion diminishing (TVD) property. Simple minmod slope limiter is used in our implementa-
tion of the computational algorythm.

The second-order method allows to obtain a fairly accurate resolution of discontinui-
ties of gas-dynamic variables, whereas the first-order methods strongly smudge them. The 
spatial approximation used in the method is unsplit, and the method is quite stable at Cou-
rant–Friedrichs–Lewy (CFL) parameter values from the range of 0.3–0.4.
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The computational domain is divided into three layers with a single EOS of matter and 
different initial conditions: glass, metal, and vacuum. The film thickness is 50 nm, the glass 
and vacuum thicknesses are 1200 nm and 1000 nm respectively. The density of glass equals 
2300 kg/m3 , the density of gold equals 19,300 kg/m3 , and the density of vacuum 200 kg/
m3 . The background pressure in all three areas is 100 GPa, which ensures the stability of 
the contact boundary over time in the non-heated area. The initial pressure disturbance of 
the Gaussian form is imposed on the metal layer:

We model the experiment from Wang et al. (2017) with absorbed fluence Fabs = 4000 J/m2 . 
The pressure at the maximum of initial heated Gaussian profile is pheat = 1000 GPa. For 
reasons of symmetry it is enough to take to include only the right half of the target to the 
simulation box, which is the rectangle [0, 1200] × [−1200, 1050] (nm). Symmetric bound-
ary conditions thus are imposed on the left boundary, and transmissive boundary condi-
tions are imposed on the other three boundaries, so as not to impede the passage of any 
perturbations. Uniform rectangular grid of 240 × 450 cells was chosen for the simulation.

The simulation shows us in detail the stages of the process described above. In the 
first few picoseconds, plane wave propagation takes place, see pressure p − pini fields on 
Figs. 8 and 9. Figures 10, 11 and 12 show the gradual spherization and by the time moment 
t = 60 ps we observe a fully formed hemispherical front. Figs. 13, 14, 15, 16 and 17 show 
corresponding density field diagrams.

Now we introduce a criterion description of the film separation from the substrate into 
the model. To do this, consider an arbitrary layer of cells adjacent to the boundary and 
evaluate its ability as a result of the passage of the shock wave to accumulate sufficient 
momentum for delamination of the adjacent metal layer. For observation we choose N 

(13)pdist(x) = pini + (pheat − pini)exp

(
−
x2

R2
L

)
.

Fig. 8  Pressure p − pini field at 
the moment t = 0 ps
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control points lying on the line y = −40 nm. It is enough to take N equal to 11 for 10 equal 
distances, because the central point and the boundary point also included, see Fig. 11. By 
writing down Newton’s second law for the resulting layers, we can estimate the momentum 
of each layer. For the case of a gold film on the glass, adhesion is practically absent, i.e. 
we can assume that the ejection impulse of the glass layer will be determined only by the 

Fig. 9  Pressure p − pini field at 
the moment t = 10 ps

Fig. 10  Pressure p − pini field at 
the moment t = 20 ps
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difference in hydrodynamic pressures at the ends of this layer. Writing down Newton’s sec-
ond law for i-th tracking layer in the following form:

(14)�0dFvi(t) =

+∞

∫
0

(pi(�) − pini) d�,

Fig. 11  Pressure p − pini field 
at the moment t = 40 ps. 10 
tracking points are set along 
y = −40 nm line to monitor 
accumulating momentum

Fig. 12  Pressure p − pini field at 
the moment t = 60 ps
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and expressing from it the temporal dependence of velocity, we obtain

(15)vi(t) =
∫ +∞

0
(pi(�) − pini) d�

�0dF
.

Fig. 13  Density field at the 
moment t = 0 ps

Fig. 14  Density field at the 
moment t = 10 ps
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�i(t) is the temporal dependency of the average density of the i-th tracking layer and pi(t) is 
the pressure from the disturbed medium to the tracking layer. dF = 50 nm is the thickness 
of the gold layer.

Thus, numerically integrating the dependence of the pressure at the control points on 
the time during the simulation, we obtain the values of the velocity “accumulated” by the 
substrate layer relating to the selected control point. From one-dimensional calculations, 
we know the value of the rate that is needed for delamination to occur (Wang et al. 2017). 

Fig. 15  Density field at the 
moment t = 20 ps

Fig. 16  Density field at the 
moment t = 40 ps
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This value is about 30 m/s. Thus, for the resulting 10 boundary points, we will know the 
dependence of the accumulated velocity on time, and we will be able to apply the separa-
tion criterion: the separation occurs only when the value vi(t) reaches the required thresh-
old value.

Fig. 17  Density field at the 
moment t = 60 ps

Fig. 18  Velocities evolution of the tracking points. The threshold equals 30 m/s
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Figure 18 shows the velocity versus time relationships at the selected tracking points. 
We doesn’t include three points inside the focal spot region with x = 0, 120  nm and 
240 nm, their velocities, as expected, are growing too fast. It is easy to see that separation 
will occur at all control points, and we need to extrapolate the available dependencies to 
determine the x-coordinate of the point at which the maximum velocity does not exceed 
the threshold value. This will be the radius of the hole. Linear extrapolation gives a radius 
value of about 4 μ m. In the full-scale experiment with the absorbed fluence of 4000 J/m2 , 
the radius of the hole is about 5 μ m. Such an agreement is certainly pleasant, but largely 
accidental. The model, however, makes it possible to obtain an accurate qualitative and 
physically consistent description of the effect.

In the future, the computational algorithm can be improved, first of all, by introducing 
real, rather than model EOS. It can be either more simple EOS like Mie-Gruneisen, or 
more complex tabular multi-phase wide-range dependence. Also, the physical accuracy of 
the descriptions can be improved by adding a multi-fluid model and kinetic corrections for 
taking accurately into account breaks in the metal or at the metal-glass interface.

3.5  Summary

Two complementary two-dimensional models are presented to describe the thermal and 
dynamic effects of single-pulse ultrashort laser ablation of thin films on glass substrates. 
The thermal model describes the 2T-stage of laser heating of the film, the subsequent lat-
eral energy transfer in the metal, cooling and recrystallization. The dynamic model pre-
sents the effect of hole formation in the film due to the shock-wave mechanism, the main 
driver of which is the two-dimensional hydrodynamic effects in the substrate.
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